Abstract. The signed distance function d to an embedded (hyper-) surface Γ is required in the analysis and implementation of some higher order methods for the numerical treatment of partial differential equations on surfaces. Two algorithms for the approximation of d are presented in this paper, which only require a finite element approximation of a (smooth) level set function of Γ. One method is based on a semismooth Newton method; the other method is a nested fixed point iteration. Both are generalizations of known methods. We provide full (local) convergence analyses. Moreover, the methods are compared in two numerical experiments.
Introduction. Let Γ ⊂ R
N be a smooth, oriented (hyper-) surface. The objective of this paper is the convergence analysis of two numerical algorithms to approximate the signed distance function d of Γ. Closely related to d is the basepoint function p. For any point x in a (tubular) neighborhood U of Γ, cf. [13] , the pair p(x), d(x) ∈ Γ × R is a decomposition with the fundamental relation
where n(x) = Dd(x) is the gradient of d. The coordinate system defined by the tangential directions of p and n is orthogonal. It is used in the theoretical analysis of partial differential equations (PDEs) involving embedded surfaces. It is also required in numerical methods for such problems: In [6] , p and d are used in the implementation of an adaptive finite element method for the Laplace-Beltrami PDE. In [5] and [9] , higher-order methods for the Laplace-Beltrami PDE are studied which require (approximations of) p and d. The higher-order discretization of interfacial tension in two-phase flows studied in [8] needs approximations of p and d. A central point of the redistancing method for level set functions in [17] is the (higher-order) approximation of d. For the simplest surfaces, explicit expressions for d are available, e. g. for a hyperplane, a sphere or a torus. The base point p can be computed easily by rearranging (1.1) in this case. In a bigger class of examples, an explicit expression of a smooth level set function φ of Γ is known, that is Γ = {x ∈ U | φ(x) = 0}. This case is considered, for example, in [6] , where a straightforward Newton method is used to compute p and d. Further below, we will generalize the Newton method to the setting considered in this paper. In more complex examples like two-phase flow problems, φ is not available in the numerical algorithms. Only a finite element approximation φ h of φ is given. Similarly, instead of Γ, only the level set Γ h = {x ∈ R N | φ h (x) = 0} is available in the numerical algorithm. Clearly, only approximations p h and d h of p and d, respectively, can be computed in this setting.
The approximation of p h and d h . The approximation for which numerical algorithms are considered in this paper was introduced in [17] . To generalize (1.1), a suitable approximation of n = Dd is required. As suggested in [17] , one first recovers the gradient Dφ h as a continuous (vector-valued) finite element function g h . Simple schemes based on local averaging are sufficient for this. Scaling g h to unit length yields the quasi-normal field n h , where "quasi" refers to the fact that n h is generally not orthogonal to Γ h , but the angle between n h and the true normaln h of Γ h is "small". A main result of [17] is as follows: There is an open neighborhoodŨ of Γ h such that the decomposition of x ∈Ũ into p h (x), d h (x) ∈ Γ h × R is well-defined and the generalization of (1.1) holds, more specifically
Further properties of p h and d h , in particular, optimal approximation results for p and d, are derived in [17] and [9] ; under assumptions of the type
The main topic of the present paper is the convergence analysis of two algorithms for the computation of p h and d h .
Overview of the numerical methods. The first algorithm for p h and d h in (1.2) generalizes the Newton method suggested in [6] for the case of a smooth φ,
∂F (y, s) = 0, F (y, s) := |y − x| + sφ(y),
where ∂F is the Jacobian of F (with respect to y and s). We modify this by replacing φ with φ h and replacing Dφ in the Jacobian by the recovered gradient g h . The solution of this system of equations requires a non-smooth Newton method, cf. [18, 11] . The error analysis requires a Kantorovich-type convergence theorem for semismooth functions.
The second algorithm for p h and d h in (1.2) is a modification of the algorithm given in [17] , which is a nested iteration. The outer iteration is
where s k is determined by a line search from y k and the condition φ h x − s k n h (y k ) = 0. For the line search, a quasi-Newton algorithm is used in [17] . We modify the inner iteration in order to use a (scalar) non-smooth Newton method, which makes the Kantorovich theorem available in the analysis.
Main results. The main results of this paper are full (local) convergence proofs for both algorithms outlined above, cf. Theorems 4.9 and 5.9: There is a neighborhood U (independent of h) such that both algorithms converge at least linearly for any starting value x ∈Ũ to p h (x), d h (x) . The convergence of the Newton method is locally quadratic. Moreover, the convergence proofs guarantee the existence and uniqueness of the solutions p h (x) and d h (x). We do not have to presuppose their existence and the decompsition (1.2). This makes our results independent of the theoretical analysis in [17] .
As far as we know, there is no convergence analysis for the Newton method to compute p h and d h in the literature if only the approximation φ h is available. For the nested iteration, [17] contains a partial analysis; the convergence and well-posedness of the outer iteration is shown in a modified setting, where the line search is considered as "black box", i. e., an oracle is used for the computation of s k . Hence, our analysis extends and completes the one in [17] .
Two numerical experiments are performed. The methods are applied to a redistancing problem from [17] , and a numerical integration over Γ h is performed. The performance of the methods is compared. In both experiments, the Newton method is slightly more robust. In the second experiment, the nested iteration is slightly faster.
The paper is organized as follows. In Section 2, the semismooth Newton method and some weak concepts of differentiability are reviewed which are required to state the Kantorovich-type convergence theorem, Theorem 2.3. In Section 3, two simple, but non-standard, lemmata on the semismoothness of finite element functions are proved. A simple gradient-recovery method is reviewed and some of its approximation properties are recorded. The semismooth Newton method for p h and d h is introduced and analyzed in Section 4. The nested iteration for p h and d h is introduced and analyzed in Section 5. In Section 6, some details of the implementation are discussed; a simple damping scheme is introduced, and a caching strategy for some data is described. Section 7 contains the two numerical experiments.
Preliminaries on semismooth Newton methods.
There is a huge amount of literature on Newton's method. An introduction to semismooth Newton methods is given in [18, 11] . A survey of semismooth and smoothing Newton methods is [15] .
Remark 2.1 (Notation 
By Rademacher's theorem, F is differentiable almost everywhere in U . Let D F denote the exceptional set of measure 0 and, for x ∈ U \ D F , let ∂F (x) denote the Jacobian matrix of F . The generalized Jacobians of Bouligand and Clarke are defined as
cf. [11] . The generalized Jacobians are set valued function. If F is continuously differentiable at x, the reassuring identities ∂ b F (x) = ∂ c F (x) = {∂F (x)} hold. The spectral norm of Clarke's (set-valued) Jacobian matrices is defined as follows,
For some computations below, a chain rule for Clarke's generalized Jacobian is required; generally, it only yields a set inclusion, cf. [12] ,
A straightforward generalization of Newton's method is (2.4)
where x 0 is a suitable initial value. In addition to prescribing an initial value, one must also specify how M k is chosen in each step to obtain an algorithm. The family of locally Lipschitzian functions is too big for a "good" convergence theory. A Kantorovich-type theorem is known in the class of semismooth functions. As this is not a standard tool in finite element analyses, we give an introduction here. 
The function F is p-semismooth at x ∈ U for some 0 < p ≤ 1, if it is locally Lipschitzian at x, F (x; ·) exists, and, for any M ∈ ∂ c F (x + v), there holds 
holds. 
Preliminaries.
Let (T h ) h>0 be a shape-regular family of triangulations of the domain Ω ⊂ R N , N ∈ N. The parameter h denotes the mesh width; the maximal mesh width is denoted by h 0 ≥ h > 0. For any point x ∈ Ω, let T x = {S ∈ T h | x ∈ S} be the set of (closed) simplexes which contain x. Due to the shape-regularity, the cardinality |T x | is bounded by a constant independent of x and h,
be the family of continuous, piecewise polynomial finite element spaces of degree k,
The same notation is used for vector-and matrix-valued finite elements.
an arbitrary (vector-valued) finite element function. Then, f is locally Lipschitzian and Bouligand's generalized Jacobian is given by
Moreover, the directional derivative f (x; v) exists for all x ∈ Ω, v ∈ R N , and there holds
Proof. Let f ∈ X k h and x ∈ Ω be arbitrary. For sufficiently small > 0, the ball B := B(x, ) satisfies B ∩ Ω ⊂ ∪{S | S ∈ T x }. For any y ∈ B ∩ Ω, there holds f (y) = f S (y) for some S ∈ T x . By (3.1), the cardinality of T x is finite (independent of h). As the f S are polynomials (which are locally Lipschitzian), f is Lipschitzian on B.
For some S ∈ T x , let (x i ) i∈N ⊂ S be a sequence that converges to x. Then,
There is a subsequence of (x i ), which we again name (x i ), with x i ∈ B. Due to B ∩ Ω ⊂ ∪{S | S ∈ T x } and T x being finite, there exists a simplex S ∈ T x and a further subsequence (y i ) i∈N of (x i ) with y i ∈ S, i ∈ N. Therefore, one has ∂f (y i ) = ∂f S (y i ) and M ∈ {∂f S (x) | S ∈ T x }.
Let v ∈ R N be arbitrary and S ∈ T x be such that the line segment conv{x, x + v} is a subset of S for some > 0. Then, (3.4) follows immediately from the definition in (2.5) and f = f S on S.
an arbitrary (vector-valued) finite element function. Then, f is (p-) semismooth for all x ∈ Ω (and for all 0 < p ≤ 1).
Proof. Let f ∈ X k h and x ∈ Ω be arbitrary. From Lemma 3.1, it is known that f is locally Lipschitzian at x and that f (x; v) exists for all v ∈ R N . For sufficiently small > 0, the ball B := B(x, ) satisfies B ∩ Ω ⊂ ∪{S | S ∈ T x }. Let |v| < hold. Then, the line segment conv{x, y}, y := x + v, is a subset of B, and T y ⊆ T x . Let M ∈ ∂ b f (y) be arbitrary. By Lemma 3.1, there is a S ∈ T y with M = ∂f S (y). Using T y ⊆ T x , one gets S ∈ T x ; therefore, conv{x, y} ∈ S. Due to Lemma 3.1, this implies
We show that (3.5) also holds if ∂ b f is replaced with ∂ c f . By (2.1) and Lemma 3.1, anyM ∈ ∂ c f (y) can be written as a (finite) convex combinationM
Applying Theorem 2.2 (and the condition in (2.6) for 0 < p ≤ 1) concludes the proof of the lemma. The following properties of the level set function φ and its finite element approximation φ h ∈ X k h are assumed for the convergence analyses below:
Gradient recovery and quasi-normal fields.
In this section, a simple gradient recovery based on local averaging is described which is used to define the quasi-normal field. The gradient recovery technique is straightforward and also explained in [8, 9] .
Let I h be a (nodal) interpolation operator for
N with the following (reasonable) approximation and stability properties:
A simple method is as follows. Let N k h be a set of Lagrangian finite element nodes for X k h and let |T ξ | denote the cardinality of
Definition 3.4 ([17, Def. 3.3]). A quasi-normal field is a mapping n
h : Γ → S N −1 , S N −1 = x ∈ R N |x| = 1 ,
with the following additional properties. For each
Using the gradient recovery operator G h on the finite element level set function For the convergence analysis of the Newton method, the following approximation properties of g h are used.
Lemma 3.6. The following inequalities involving the derivatives of φ hold,
Proof. First, we show that, for every S ∈ T h , S ∩ U = ∅, there holds
The inequality (3.19) follows immediately from (3.7). Writing g h − Dφ = g h − Dφ h + Dφ h − Dφ, the inequality (3.20) follows from (3.9) and (3.19). Finally,
, a standard finite element estimate, and (3.20).
The inequality (3.17) follows from (3.20) because g h and Dφ are continuous. As (3.19) holds on every (closed) simplex S ∈ T h , S ∩ U = ∅, it holds by definition for Bouligand's generalized Jacobian in all points covered by the simplices S. We show that it also holds for Clarke's generalized Jacobian. Let v ∈ ∂ c φ h (x) be arbitrary, x ∈ U . By (2.1) and Lemma 3.
. The inequality (3.16) now follows from (3.19) for the v i . The inequality (3.18) is proved in the same way using (3.21).
The following elementary estimate for the norm of a block-matrix is used below,
Furthermore, the well-known perturbation formula for matrices is required; let be a matrix with | | < 1, then I + is invertible and
The Newton method for p h and d h .
For the remainder of this section, let x ∈ U denote the point for which p h (x) and d h (x) have to be computed. The following problem is solved: Find a pair (y, s) ∈ Γ h × R such that
The dependence of F : R N × R → R N × R on x is not shown explicitly in the notation. It is easy to see that, if a solution (y, s) ∈ R N × R of (4.1) exists, then y = p h (x) and |g h (y)|s = d h (x): From (4.1), one immediately obtains y ∈ Γ h ; furthermore, by (3.15) 
We solve (4.1) with the (generalized) Newton method (2.4) and the initial value (x, 0). In the remainder of this section, the convergence of this algorithm is proved by applying Theorem 2.3. As Theorem 2.3 is also an existence and uniqueness theorem for the solution of F (y, s) = 0, it is not necessary to presuppose the existence theory of [17] for p h (x) and d h (x). The numerical algorithm itself proves the well-definedness of the problem. This way, we avoid the use of Brouwer's theorem on the invariance of the domain which is required in [17] .
Remark 4.1. Instead of (4.1), one could also consider
In this case, Lemma (3.6) must be extended with more complicated estimates. For example, instead of (3.17), one only has 
Proof. The standard approach to the result would be the repeated application of the chain rule (2.3). A quick alternative is to use the explicit characterization of ∂ b F in Lemma 3.1,
If A ⊆ R m and B ⊆ R n are convex sets, the direct product A × B ⊆ R n+m is convex. Thus, if one extends ∂ b g h and ∂ b φ h to ∂ c g h and ∂ c φ h in the above formula, the outer convex hull operation becomes redundant. F (y, s) .
From the triangle inequality and (3.18), one gets
≤ c 2 for all y ∈ U for a constant c 2 independent of h. Lemma 4.4. Let c 3 := 4c
Proof. Let y ∈ U and s ∈ R with 8c 3 max{c 2 |s|, ch k } ≤ 1 be arbitrary. Let q := |Dφ(y)| −2 . Owing to (3.6), one has q ≤ c
It is easy to check that
Using (3.22) and (3.6), one gets |M −1 | ≤ 4c 
The conclusion follows from (3.23).
A smooth approximation of F is required below. This will be the function 
provides the upper bound
Proof. Clarke's generalized Jacobian of F −F at (y, s) ∈ U × R satisfies
From Lemma 3.6 and (3.22), one immediately gets (4.6). Lemma 4.7. For any M ∈ ∂ c F (ŷ) there holds
Proof. Letŷ,ẑ ∈ U × R be given. By (3.4), there is a matrixM ∈ ∂ c F (ŷ) with F (ŷ;ẑ−ŷ) =M (ẑ−ŷ). Therefore, one obtains M (ẑ−ŷ)−F (ŷ;ẑ−ŷ) = (M −M )(ẑ−ŷ) and the result follows from Lemma 4.6.
Lemma 4.8. For allŷ := (y, s) ∈ U × R,ẑ := (z, t) ∈ U × R,ẑ =ŷ, such that the line segment between them satisfies conv{ŷ,ẑ} ⊂ U × R, there holds
with a constant c 4 independent of h.
Proof. Let e := (ẑ −ŷ)/|ẑ −ŷ|. The line segment conv{ŷ,ẑ} is parameterized by l(r) =ŷ + re, r ∈ I := [0, |ẑ −ŷ|]. One writes
The integrand is rearranged as a sum of three differences,
F (l(r); e) − F (ŷ; e) = F (l(r); e) −F (l(r); e) +F (l(r); e) −F (ŷ; e)
+F (ŷ; e) − F (ŷ; e)
The term B is smooth; hence, the mean value theorem implies B =F (l(ρ); e)(l(ρ)−ŷ) for some ρ ∈ I. Therefore, |B| ≤ c|ẑ −ŷ|.
For the term C, one writesF (ŷ; e) = ∂F (ŷ)e and F (ŷ; e) = M e for some M ∈ ∂ c F (ŷ). Using Lemma 4.6, one gets |C| ≤ b(h, s). Similarly, one obtains |A| ≤ b(h, max{s, t}).
The convergence theorem for the Newton method.
Consider the tubular neighborhood U = x ∈ Ω |d h (x)| ≤ , > 0, of Γ h , whered h is the (exact) signed distance function of Γ h . It will be shown that there is a (small) positive value such that the generalized Newton iteration (2.4) for F converges for all initial valueŝ x = (x, 0), x ∈ U . Due to (3.6), there holds
The auxiliary setÛ s0 = U s0 × (−s 0 , s 0 ) with parameter s 0 > 0 is used to obtain the bounds for the parameters α, β, γ, δ in Theorem 2.3 by choosing s 0 sufficiently small. Moreover, there is an auxiliary parameter 0 < r ≤ s 0 , also chosen below, which occurs in the 'existence part' of Theorem 2. for all |s| ≤ s 0 .
From this and Lemma 4.7, one obtains
The bound in Lemma 4.8 is considered. The parameter r > 0 is chosen such that
Letŷ,ẑ ∈Û s0 , |ẑ −ŷ| ≤ 2r, be arbitrary. Using (4.9) and (4.11), one gets 
5.
The nested iteration for p h and d h . As in Section 4, the (arbitrary) point x ∈ U is fixed, for which p h (x) and d h (x) have to be computed. The nested iteration is composed of an inner and an outer problem which are both solved iteratively. The inner problem reads: Given y ∈ U , find an s = s(y) ∈ R such that
It is shown below that this problem is well-defined and uniquely solvable, if y is "close enough" to x and x "close enough" to Γ h . To solve (5.1), the (scalar) semismooth Newton method (2.4) is used with F (s) = φ y (s) and the initial value s = 0. Remark 5.1. Instead of (5.1), one could also consider 0 = φ h x −sn h (y) . The solution differs from that of (5.1) only by the scalings = s|g h (y)|.
The semismooth Newton method is slightly different from the ad hoc quasi-Newton method used in [17] to solve the inner problem. In the latter, the recovered gradient
There is no convergence analysis for the inner problem in [17] .
The outer problem depends on the solution s(y) ∈ R of (5.1) for a given y ∈ U . The outer problem reads: Find y ∈ U such that
The outer problem is thus a fixed point problem for G which is solved iteratively by
Clearly, a solution y of (5.2) satisfies p h (x) = y and d h (x) = s(y)|g h (y)|. [6] , but no convergence analysis is given. We do not consider the method below.
Remark 5.2. In [6], an iterative method is proposed which is similar to the nested iteration. Instead of solving an inner problem like (5.1), only a single step in the direction of an approximate normal is performed in each iteration. The method is used for numerical experiments in

Analysis of the inner iteration.
For y ∈ U , one can write g h (y) = Dφ(y) + g h (y) − Dφ(y) . Using (3.17) and (3.6), this yields
Lemma 5.3. Let y, z ∈ U be such that conv{y, z} ⊂ U . If h and |z − y| are so small that ch
Using (3.16), (3.17) , and (3.6), one gets
For Dφ(y) − Dφ(z), one uses the mean value theorem to find |Dφ(
With this and (5.4), one obtains
The conclusion follows from (5. 
Proof. As φ y is continuous and piecewise polynomial (as a function of s), the results of Lemmas 3.1 and 3.2 hold for φ y . By (2.3), one has the inclusion
Using (5.4) with the triangle inequality and (3.16) concludes the proof.
A smooth approximation of φ y , y ∈ U , (with respect to s) is given by
Lemma 5.5. For all y ∈ U and s, t ∈ R with conv{G s (y), G t (y)} ⊂ U there holds
Proof. With e := t − s, one has
The integrand is rearranged as a sum of three differences, φ y (r; e) − φ y (s; e) = φ y (r; e) −φ y (r; e) +φ y (r; e) −φ y (s; e) +φ y (s; e) − φ y (s; e)
The term B is smooth; hence, the mean value theorem implies B =φ y (ρ; e)(ρ − s) for some ρ ∈ (s, t). Therefore, |B| ≤ c|t − s|.
For the term C, one writesφ y (s; e) = ∂φ G s (y) g h (y)e and φ y (s; e) = M g h (y)e for some M ∈ ∂ c φ h G s (y) . Using (5.6), (3.16), and (5.4), one gets |C| ≤ ch k . Similarly, one obtains |A| ≤ ch k .
The convergence theorem for the inner iteration.
Consider the tubular neighborhood U = x ∈ Ω |d h (x)| ≤ , > 0, of Γ h . It will be shown that there is a (small) positive value and a (small) positive radius r 0 such that the generalized Newton iteration (2.4) for (5.1) with initial value s = 0 converges for all points x ∈ U and all y ∈ B(x, r 0 ). There holds
The auxiliary parameter r > 0 is used to obtain the bounds for the parameters α, β, γ, δ in Theorem 2.3 by choosing r sufficiently small.
Choose r 0 > 0 and h 0 so small that
and {x
Choose r and h 0 such that h 0 ≤ r and
Owing to (5.8) and (5.9), there holds
By Lemma 5.3 and (5.8), one has
for all x ∈ U r0 , y ∈ B(x, r 0 ), s ∈ B(0, r).
Possibly reducing h 0 and r, one can ensure
From this and the Lemmas 5.4 and 5.5, one obtains for all x ∈ U r0 , y ∈ B(x, r 0 ), and s, t ∈ B(0, r) that
One checks α := β(γ + δ) = 
Corollary 5.7. The convergence in Theorem 5.6 is quadratic locally around the solution of (5.1).
Proof. This follows immediately from Theorem 2.4, Lemma 3.2, and Theorem 5.6.
The convergence theorem for the nested iteration.
The proof of convergence is a straightforward application of Banach's contraction mapping principle. It is similar to the proof of [17, Thm. 5.1]. We extend the latter by considering the inner iteration (5.1) instead of an "oracle" that yields s(y). Thus, Theorem 5.6 can be used, which allows us to avoid an implicit function theorem for Lipschitz functions in the proof (which is required in [17] ).
Lemma 5.8. Let ≤ r < r 0 be as in Theorem 5.6 and x ∈ U be arbitrary. Then,
Due to (5.8) and (5.10), there holds
The conclusion follows from Lemma 5.3 because the integrand is bounded from below by 
Using |s(y)| ≤ r, (5.4), and (3.12), this implies
Using (3.12), (3.13), and |G(z) − z| ≤ 2r 0 ,
Altogether, one obtains
The conclusion follows from Banach's contraction mapping principle.
6. Implementation details. Both the Newton method for (4.1) and the Newton method for the inner iteration (5.1) can be made more robust by damping big Newton steps. This is important on coarse meshes and in the context of redistancing, where one considers distorted level set functions (as opposed to distance-like level set functions). The following simple scheme based on the Armijo rule (with backtracking), cf. [14] , is used in the implementation: Let f (x) be one of the functions F (x), φ y (s). Using the current iterate x n , the (undamped) Newton step δ n , and α i = 2 −i , i ∈ N 0 , find the smallest i satisfying
The next Newton iterate is defined as x n+1 = x n +α i δ n . This requires a few additional evaluations of f , but not of ∂ c f . Hence, this damping strategy is computationally cheap. As it always considers α 0 = 1 first, the quadratic convergence of the Newton method close to the solution is not compromised.
A common sub-problem of (4.1) and (5.1) is the computation of a simplex S n+1 ∈ T which contains the next (tentative) iterate x n+1 , cf. Remark 4.3. Several approaches to this problem are possible, which differ in speed and memory consumption. For example, as such a simplex S n is known for x n , one could search x n+1 in increasingly larger neighborhoods of S n in T . The size of such neighborhoods grows rapidly, at least for N ≥ 3. On the other hand, additional damping may be necessary if the size of the neighborhoods is insufficient. In the experiments below, the coarse meshes have a regular block structure. A cuboid C containing x n+1 can be located easily, i. e. with a small, constant number of flops. All cuboids of the coarse mesh are partitioned into six tetrahedra using the Kuhn triangulation (N = 3). The tetrahedra in C are searched sequentially for x n+1 . On average, this requires three containment tests to locate a tetrahedron S 0 n+1 in the coarse mesh. Then, given a tetrahedron S i n+1 on refinement level i, which contains x n+1 , its children are searched, and S i+1 n+1 is a child containing x n+1 . As the number of children is at most eight, on average 3 + 4l containment tests are required to find the desired tetrahedron S n+1 with x n+1 ∈ S n+1 , where l is the number of refinement levels of the mesh. Thus, the number of containment tests grows as O(l). The search strategy can also be applied if the coarsest mesh is not block structured. In this case, the linear search on the coarsest refinement level must be replaced by the search in a space-partitioning data structure like an octree or a kd-tree, cf. [3, 1] . This salvages the average number of O(l) containment tests per search point.
As a further optimization, before starting the recursive search of S n+1 , one tests, whether x n+1 ∈ S n , that is S n+1 = S n . This occurs frequently, particularly on fine meshes. Related to this, the gradients of the shape functions and the values of φ h on S n are cached. Both, the Newton method and the nested iteration, are accelerated by this caching. The benefit is higher for the Newton method than for the nested iteration. 7. Numerical experiments. The Newton method for (4.1) and the nested iteration for (5.2) are compared in two experiments. In Section 7.1, the redistancing problem of [17, 7 ] is reconsidered; a perturbed level set function for a torus is given, and the value of d h is required in all degrees of freedom close to Γ h . In Section 7.2, higher order numerical integration is performed on Γ h . For example, such integrals are required for the methods in [6, 8, 9] . In both setups, the run time of the two algorithms is considered as a measure of the overall performance. Furthermore, the number of (outer) iterations is given, and the time for searching a simplex S n+1 containing the next iterate x n+1 , cf. Section 6.
In both experiments, the domain Ω is a cube. The coarse mesh has a regular block structure. Each cuboid is partitioned into six tetrahedra by inserting a space diagonal and its projections on the faces of the cube. The resulting Kuhn triangulation is refined using a red-green refinement algorithm, cf. [2, 10] . Refinement is applied to all tetrahedra, which are intersected by Γ h until the required refinement level l is reached. As the discrete level set functions φ h ∈ X 2 h , the nodal interpolants of the level set functions φ given below are used. The recovered gradient g h ∈ X 2 h of φ h is computed with (3.11). The stopping criterion for the Newton method is
The stopping criterion for the nested iteration is |φ h (x n )| ≤ 5e-9 and |x n − x n−1 | ≤ 1e-8.
Redistancing.
Let Ω = (−1, 1) 3 and Γ be the torus which is the level set of the perturbed distance function
with R = 0.4, r = 0.2, and α = 50. This is the setup with the strongest perturbation considered in [17] ; the perturbation preserves the torus as zero level, but introduces a large, oscillating gradient. The mesh width at Γ h on refinement level l is h(l) = is dominated by t loc and also scales with a factor of about 4. Both methods require fewer iteration to converge on the finer levels, but the effect of this on t d is dominated by the computation of S n+1 as well. The Newton method requires no damping steps for l ≥ 6, whereas the inner iteration of the nested iteration requires some damping up to l = 8. The Newton method converges in all dof for l ≥ 5, but the nested iteration converges only for l ≥ 6. In this sense, the Newton method is more robust. However, the error e ∞ of the nested iteration is hardly affected by this for l ∈ {4, 5}, whereas e ∞ is bigger for the Newton method on level 4, comparable to h(4) ≈ 0.04. For l ∈ {4, 5}, the nested iteration is slower than the Newton method. This is explained by the large number of damping steps, each of which requires a search for S n+1 . This is visible in the larger values of t loc .
Area computation. Let Ω = (−3, 3)
3 and Γ be the zero level of the following polynomial of degree 12, which is taken from [4] . 1 The mesh width at Γ h on refinement level l is h(l) = 6 · 2 −l . The discrete level set function φ h is the nodal interpolant of φ in X 2 h . On the global regular refinementT h of T h , the function φ h can be interpreted as a finite element in X 1 h (T h ). This function and its zero level are denoted asφ h andΓ h . For any T ∈ T h , bothφ h | T andΓ h ∩ T can be evaluated on a tetrahedron by tetrahedron basis without actually computing (and storing)T h as a whole.
Γ hΓh |Dφ h | curvature l area error area error min max max #calls Table 7 .4 Area computation.
The piecewise linear approximationΓ h of Γ is used as the domain of a parametrization of Γ h via p h |Γ h :Γ h → Γ h . With the transformation rule for integrals, the integral of a function f over Γ h can be represented as
where U (x) ∈ R 3×2 is an orthogonal matrix that spans the tangential space ofΓ h at x; ∂p h (x) is the Jacobian of p h , which can be computed in closed form from (1.1) as a function of p h (x), n h p h (x) , and ∂g h p h (x) . The right-hand side is accumulated tetrahedron by tetrahedron using a fifth order accurate quadrature rule with positive weights and seven quadrature points in the interior of the reference triangle. As the focus of the experiment is on p h , the simple function f (x) = 1 is used, which gives the area of Γ h up to quadrature and approximation errors. Table 7 .4 shows the area of Γ h and ofΓ h . The errors are computed with respect to |Γ h | for l = 10. The difference between the Newton method and the nested iteration is less than 1e-7 for l ≥ 6. The error of |Γ h | shows an O(h 2 )-behavior. The error of |Γ h | shows an O(h 4 )-behavior, which is better than the expected O(h 3 )-behavior. This is probably due to the very simple integrand. The minimum and maximum of |Dφ h | is sampled in the quadrature points on Γ h and shown in column six and seven. They show that the level set function is steep. The maximum of the curvature radius of Γ h (sampled over the quadrature points) is shown in column eight of Table 7 .4. Together with the fact that the domain has a side-length of 6, the observed maximum curvature of circa 20 explains the relatively high refinement level l ≥ 6 used in the computations: For the mesh width, there holds h(5) ≈ 0.19, h(6) ≈ 0.09. Both values are bigger than the minimum curvature radius of about 0.05. The methods converge nevertheless because the points to which they are applied lie onΓ h such that their distance to Γ h is O(h 2 ), that is 0.035 and 0.0088. Neither the Newton method nor the nested iteration produce useful results for l = 5. Compared to the redistancing experiment, the number of distance computations is an order of magnitude larger. There are seven quadrature points per surface triangle; this makes the caching mechanism for S n+1 explained in Section 6 particularly efficient. This manifests itself in a smaller value of t loc /t d in Table 7 .2 compared to Table 7 .5 and in Table 7 .3 compared to Table 7 .6.
The tables 7.5 and 7.6 show the same performance data as the tables 7.2 and 7.3. The columns 'no conv.' and '#damping' are absent from Table 7 .5 as the Newton method converges in all points and no step size is rejected in this experiment.
The time required by both methods scales with a factor between 3 and 4 if l
